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Abstract
In this note, we study the maximum number Nα(d) of a system of equiangular lines in R
d with
cosine α, where 1
α
is not an odd positive integer. This note is motivated by a remark in a 2018
paper by Balla, Dra¨xler, Keevash and Sudakov.
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1 Introduction
A system of lines through the origin in d-dimensional Euclidean space Rd is called equiangular if
the angle between any pair of lines is the same. Let Nα(d) be the maximum number of a system of
equiangular lines in Rd with common angle arccosα. For more information on systems of equiangular
lines, see [6]. In 2018, Balla, Dra¨xler, Keevash and Sudakov [1] conjectured that if α = 12r−1 for a
positive integer r ≥ 2, then N 1
2r−1
(d) = r(d−1)
r−1 +O(1), for sufficiently large d. They also wrote ‘If α is
not of the above form, the situation is less clear but it is conceivable that Nα(d) = (1 + o(1))d.’.
In this note, we will consider Nα(d) when
1
α
is not an odd integer. We prove the following:
Theorem 1.1. Let 0 < τ ≤ 1
1+2
√
2+
√
5
. Then there exists a sequence (αi)
∞
i=1 such that
(i) lim
i→∞
αi = τ ,
(ii) for all i, there exists ηi > 0 such that Nαi(d) ≥ (1 + ηi)d.
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2 Seidel matrices
First, we introduce Seidel matrix which is our main tool. All graphs are simple and undirected.
For undefined terminologies, we refer to [2, 4].
Let G be a graph with n vertices. The adjacency matrix A(G) of G is an n×n matrix whose rows
and columns are indexed by the vertices of G such that A(G)xy is 1 if x and y are adjacent vertices
and 0 otherwise. The Seidel matrix S(G) of G is the matrix S(G) = J− I − A(G), where J is the
all-ones matrix and I is the identity matrix. Let j denote the all-ones vector. The spectral radius
ρ(G) of a graph G is the largest eigenvalue of A(G).
Seidel matrices and systems of equiangular lines, are related as follow (see for example, [4, Section
11.1]):
Proposition 2.1. There exists a system of n equiangular lines in Rd with common angle arccosα if
and only if there exists a graph G with n vertices such that S(G) has smallest eigenvalue at least − 1
α
and rk(S(G) + 1
α
I) = d.
This leads to the following definition. The number Rβ(n) is defined as Rβ(n) := min{rk(S(G) +
βI) | G is a graph on n vertices and S(G) has smallest eigenvalue at least −β}. We obtain the following
lemma immediately from Proposition 2.1.
Lemma 2.2. Nα(d) ≥ n if and only if R 1
α
(n) ≤ d.
Example 2.3. N 1
3
(d) = 28 for 7 ≤ d ≤ 13 and R3(n) = 7 for 17 ≤ n ≤ 28 (see [6, Table 1]).
Now we discuss some properties of Rβ(n). Since S(G) is a real symmetric matrix, it is diagonal-
izable and all its eigenvalues are totally real algebraic integers. This implies that if β > 1 is not a
totally real algebraic integer, then Rβ(n) = n and N 1
β
(d) = d for all integers n ≥ 2 and d ≥ 2.
Haemers observed that for a graph G of order n, we have det(−S(G)+xI) ≡ det(xI−J+I) (mod 2)
(see [5]). This shows that for example R√2(n) = n and N 1√
2
(d) = d for all integers d ≥ 2 and n ≥ 2.
Similar but more complicated formulas for the coefficients of det(−S(G) + xI) are known (see for
example, [5–7]). The observation of Haemers also implies that 2t + 1 ≥ R2m(2t + 1) ≥ 2t = R2m(2t)
and N 1
2m
(2t+1) = 2t+1 ≥ N 1
2m
(2t) ≥ 2t, where t > m are positive integers. Now, we give an example
of the case R2m(2t + 1) = 2t and N 1
2m
(2t) = 2t + 1 for certain m and t. Let G be a 3-regular graph
on 4n′ + 2 vertices, where n′ ≥ 2 is an integer. Then the Seidel matrix of the complement of the line
graph of G has smallest eigenvalue 6−6n′ with multiplicity one. This shows R6n′−6(6n′+3) = 6n′+2
and N 1
6n′−6
(6n′ + 2) = 6n′ + 3.
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Next, we show the following lemma on Seidel matrices.
Lemma 2.4. Let G be a graph of order n with t connected components H1,H2, . . . ,Ht. If ρ(Hi) = ρ
for all i, then S(G) has smallest eigenvalue −2ρ− 1 with multiplicity at least t− 1.
Proof . Let B(G) = S(G) − J. We can check that B(G) is the block diagonal matrix of the form


−2A(H1)− I
−2A(H2)− I
. . .
−2A(Ht)− I


.
The matrix B(G) has smallest eigenvalue −2ρ − 1 with multiplicity t, so there are t − 1 linearly
independent eigenvectors v1, . . . ,vt−1 of B(G) such that B(G)vi = −2ρ − 1 and 〈vi, j〉 = 0, for
i = 1, . . . , t − 1. It follows that S(G) has eigenvalue −2ρ − 1 with multiplicity at least t − 1. This
shows the lemma.
To show Theorem 1.1, we need the following result of Shearer [8] on spectral radius of graphs at
least
√
2 +
√
5.
Theorem 2.5. For any real number λ ≥
√
2 +
√
5, there exists a sequence of graphs (Gi)
∞
i=1 such
that lim
i→∞
ρ(Gi) = λ.
For the classification of the graphs with spectral radius less than
√
2 +
√
5, see [3].
Now, we will prove the following theorem.
Theorem 2.6. For a real number µ ≥ 1 + 2
√
2 +
√
5, there exists a sequence (βi)
∞
i=1 such that the
following hold:
(i) lim
i→∞
βi = µ,
(ii) for all i, there exists εi > 0 such that Rβi(n) ≤ (1− εi)n.
Proof . Let µ be a real number at least 1 + 2
√
2 +
√
5. For λ := µ−12 ≥
√
2 +
√
5, there exists a
sequence of graphs (Gi)
∞
i=1 such that lim
i→∞
ρ(Gi) = λ by Theorem 2.5. Let tGi be the disjoint union
of t copies of Gi for a positive integer t. For real numbers βi = 2ρ(Gi) + 1 and ni = n(Gi), tGi is a
graph with tni vertices and the smallest eigenvalue of S(tGi) is −βi with multiplicity at least t− 1 by
Lemma 2.4. It follows that Rβi(tni) ≤ tni − t+ 1 by Proposition 2.1. Since lim
i→∞
βi = µ, this finishes
the proof.
Theorem 1.1 follows now from Theorem 2.6 and Lemma 2.2.
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